Chapter 15-Probability Distributions

15.3 The normal distribution

Let’s look at the investigation on page 538.

J(x)

Your histogram from the investigation is probably roughly
symmetrical and the curve is bell-shaped with the majority of
measurement around a central value.

If more measurements were taken, a histogram plotted and the
midpoints of the tops of the bars joined with a curve, then it could
become more symmetrical and bell-shaped until it would look like the
curve shown.
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Probably the most important distribution is statistics
o Itis a suitable model for many naturally occurring variables.
o Such as physical attributes of people, animals and plants
o Can be applied as an approximation for test scores, times to complete a project, 1Q
scores, etc

- In each case the curve is bell-shaped
It is symmetrical about the mean

- The mean, mode and median are the same.

Characteristics of any normal distribution

There is no single normal curve, but a family of curves, each one defined by its mean, x , and standard

deviation, o .

If a random variable, X, has a normal distribution with mean x and standard deviation o, this is

written X~N(y,02).

Note that in the expression

4 and o are called the parameters of the distribution X ~N ( 1,07 ) , 0% is the variance.

_ _ o Remember that the variance is the
- The mean is the central point of the distribution. standard deviation squared.

- The standard deviation describes the spread of the distribution.
o The higher the standard deviation, the wider the normal curve will be.
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These three graph show X, ~ N(5,2°), X, ~N(10,2°), and
Y NELS, 27 ).

The standard deviation are all the same, so the curves are all the same

width but 1 < 1, < s,

The three graphs show X, ~ N(5,17), X, ~ N(5,27),

and |\ N 5,.3%}.

Here the means are all the same and all the curves are centered around

this but o, <o, <o, so curve X, is narrower than X,, and X, is

narrower than X, .

**The curves may have different mean and/or different standard deviations but they all have the

same characteristics.
The area beneath the normal distribution curve

NO matter what the value of xzand o are for a normal probability distribution,

- The total area under the curve is always the same
- AND equal to 1 (FYT the area under any distribution curve being normal or not is 1)

- We can thereforeconsider partial areas under the curve as o

representing probabilities.

So in this normal distribution we could find the probability P (X < 5)
by finding the shaded area on the diagram.

Unfortunately (OH shucks!!) the probability function (the equation of g x
the curve) for the normal distribution is very complicated and difficult to use.

T
2o —o< X <o

It would be too hard for us to use integration to find areas under this curve! (especially since
most of us'haven’t had calculus yet) However, there are other methods we can use.



Chapter 15-Probability Distributions

The standard normal distribution
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The standard normal distribution is the normal distribution where =0 and o =1.
- The random variable is called Z.

- It uses “z-values’

the mean.

’ to describe the number of standard deviations any value is away from %

The standard normal distribution is written Z ~ N (0,1)

We can use a Z-table or GDC to calculate the areas under the curve of Z ~ N (0,1) for value

between a and b and hence P(a «Z< b) )

Example: Given that Z ~ N(0,1)

Use the z-table to find..

a. P(Z<1) b. P(Z>225) 6. P(=35<Z=2
0,813 (~P(z <229 P(2<d)
|- 0.9%7& l -~ P(2<-08)
7 0.0l 051 2 09772
2.25 = 0, 3086
0.6 T
Use the GDC to find ner mal cd@( 'miryme\x.} A, G\
d. P(Z<0) e. P(Z>-15) £ P(|z]>02)
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Note that P(Z = a)=0.You can
think of this as a line having no
width and therefore no area. This
means that

P(a<Z <b):P(aSZ
=P(a<Z<b)=P(a<
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In question 1 of Exercise 15H you will find the probability that Z lies within one standard
deviation of the mean, two standard deviations of the mean and three standard deviations of the
mean respectively. You can now see that most of the data for a normal distribution will lie
within three standard deviations of the mean. The diagram below represents what is known as
the Empirical Rule.

99.7% of the data are within
" 3standard deviations of the mean
95% within
2 standard deviations
68% within
<—— 1 standard —*
deviation

T
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This can be used to compute some probabilities.

Example: The heights of 250 twenty-year-old women are normally distributed with a mean of
1.68m and a standard deviation of 0.06m.
n~=
a. Sketch a normal distribution diagram to =250
illustrate this information, clearly
indicating the mean, and the heights
within 1, 2, and 3 standard deviations of

the mean.
\)

b. Find the probability that a woman has a
height between 1.56m & 1.74m.

M =1eE
6= 0006

| }
L T T

-30 -20 -lo pu lo 20 3o

15 1% 62 L8 14 LY LS

c. Find the expected number of women with
a height greater than 1.8m.

less Thaa L& = Fo+34 +3 ¢
= SRL

960 (~Q75> = QL( 3“'—( S

N
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Probability for other normal distributions

Very few real-life variables are distributed like the standard normal distribution (with a mean of
0 and a standard deviation of 1.

But you can transform any normal distribution X ~ N( ,u,az) to the standard normal

distribution, because all normal distributions have the same basic shape but are merely shifts in
location and spread.

2

To transform any given value of x on X ~ N( 1,0 ) to its equivalent z-value on Z ~ N(0,1) use

X~
.

the formula z =

We can use the z-table and or GDC to find the required probability.

If X~ N( /1,0'2) then the transformed random variable Z = X has a standard normal
o

distribution.

Example: The random variable X ~ N(10,22 ) MM=I10 e =L
> i
a. Find P(9 <X< 10.5) using the z-table.

Y
22 ); 9-10 _ 1C.5-10
G L= =-0:5 *”:2__' = 225
A
P(-08<4 Z2cp.25)= P(2<0.28) = P(2 «-0.5)
©.5987 — 0,305 = ©.2G902

b. Using your GDC use the Z-scores to find the above probability.
ﬁ\ ~ AN

4 ”\ \

%’0'54%4()‘26) min Y x AL @

c. You can also use the numbers given. Draw a picture for the following probability then

use the z-table and youfGDC to find P(X >8.3) |
b B30 _

2~ -~ “O&B (Yisjfawagz())-;:\\

T~ —~ 7

> ?C%> = 0853 min n«f&,x AA G
Exercise 151 |=
_2_ -
P(2<-0.85) 0, 5023

= chf77 =0.%23 5

hoemed cdF-
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Example:

Eggs laid by a chicken are known to have the mass normally distributed, with mean 55 g and

standard deviation 2.5 g. What is the probability that. .. ot W= wei fjl"f' of-
a. An egg weighs more than 59 g (Use the table) . Q@S’

b. An egg is smaller than 53 g (use the z-scores and the GDC . N
c. Aneggisbetween 52 and 54g (use your GDC with these numbers) W ~ N (5 5J 2.5 )

@ P(w »59) .Sq_i £ b
P(z71E)= 1= P(2<10) = | ~0Q452 = ©. 0548
PW(S Céé_:_éé = v
@ ( 33 e 0.

p( E L =g = \ : .
0.9) = Normalcde (10600, 0.80, ) = ©.2U19

) P52 <00 459)= |
@ Normeal colé (62)) o4, 55, Q\S)

(3. 2295

B m—

% =
==

The Inverse normal distribution
Here you want to find the value in the data that has a given cumulative probability.

For example a company fills carton of juice to a nominal value of 150 ml. 5% of cartons are
rejected for containing too little juice. The owner of the company may wish to find the cut-off

point for the minimum volume of a carton.

To do this we can again use the z-table or GDC to find this value.

In these examples we will return to the standard normal distribution Z ~ N (0, 1) )
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Example: Given that Z ~ N (0,1) ...

a. Use the z-tablé ﬁ find a

1. P(Z<a)=07
ook in mebabil}ﬁ%’
Lro.7
0= 0,52~ 0.6085 <<zt
o= 0.3—30.7019

\C<'= 0.5 Z

b. Use the GDC to find
3. P(Z < a) =0.234

m\/Norm(o,zsq) o, D)

Ex: =~ 0. T25 ]
éExercise 15K i )

=

Qreot VUnglo~

[Reraemlser P mb&b’}““(\j = ha curue.

Cus»a, & boc cuwots) To use the table to find the
standard deviation that corresponds
2. P(Z>a)=01 to the given cumulative

|=0.1=0,9 | probability, find the proportion that

P(Z2<ed) =0.9 is closest to the given proportion
‘ and choose the appropriate z-score.

Leoic for closest
/_\/\

’f‘O O q C,Y-\ G DC /_D\,’_\_rg'\\
\q: .29 .‘m/Norm(p.’oijuJ, 6)

or inyNorm
arce =prais
P(-a<Z<a)=036

4. P(Z>a)=08 5.

l’—O ) ?
P(2<a)=0.2 :
" A =0\ o~
IV Noem (0,2,0,1) Nl

(./OW Pl(z<ay= 6.5+0.19

Plz4ad= 0. L9

Once again, however, we are more likely to be dealing with distributions that are not the standard

normal distribution.
Example: Given that X ~ N(12,32) d
(Use the table)
a. P(X < x) =0.67
P(z<2) 20.61
closest 2 o O. 677

Z= OuH
Use the GDC
b. P(X<x)=0.45
\

% = \lr\\liNO(m ( o,

Jecle

PCxe11,62) =

%

etermine x where... (A =/ & 6 =3
Z = X 15
=

Ool—}k}’/ wX—1 &
&

I 30 = |2~

45,12,3) = 1), 62

~ . 120
/

N, c2—2-
S

(22-0120) 2045
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Examples: Cartons of juice are such that their volumes are normally distributed with a mean of
150 ml and a standard deviation of 5 ml. 5% of carts are rejected for containing too little juice.
Find the minimum volume, to the nearest ml, that a carton must contain if it is to be accepted.
(Find the answer with the tables and with the GDC) Lot J v~ N (15 Cs) 5 l>

P( 3‘4‘ = 006 /-A

: & | 2= 3710 (gazw™ ]

[V Norm (0,05, 150, 5) b 0165
N D)
: _ e 1
GoC \%1.776 mL- Jable  —leys=3-Is0 gwj

=
Minimum value T g e

| H2L m L

Minimum Jalue 14 3 m L

Example: The GPA of a high school (on a non-weighted 4.0 scale) is Normally distributed with a
mean of 2.5 and a standard deviation of 0.5. What GPA does Joey have if he is in the 84"

percentile of the school?  \ N (9.5) O»Sl> |

celc | =
(v N o [o.g/q) 25)0..5\ Aable
loole €0 P 054

Q‘QQ7 (A Toble )., 2=0,99

0079‘.‘. X—&15

. 'S
QExermse 15%
2.995
You may also be given cumulative probabilities and asked to find either the mean (if o is
known) or the standard deviation (if y is known) or both.

Example: Sacks of potatoes with mean weight Skg are packed by an automatic loader. In a test it
was found that 10% of bags were over 5.23 kg. Use this information to find the standard
deviation of the process.

<£L > 5,;13—5) - 0. |

50 S
(%452;%.325>=09 285 023
)

&
8

@ lovke for 0.9 i Feble |, [, 2.8
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Example: The videos at Hollywood Video are roughly normal in length with a standard deviation
of 17.25 minutes. 15% of the movies are shorter than 1 hour and 45 minutes. What is the mean
of a video at the store?

%4 ————-——-——,DS-/LL = o
(F« S5 =ous

05 mipudes

"N\ Ccale o~ e ble InVNOm (O‘ng O) ,.) = — oY

7,25

—17.G4= Jo5—AL

Example: A manufacturer does not know the mean and standard deviation of the diameters of
ball bearings she is producing. However a sieving system rejects all ball bearing larger than 2.4
cm and those under 1.8 cm in diameter. It is found that 8% of the ball bearing are rejected as too
small and 5.5% as too big. What is the mean and standard deviation of the ball bearing
produced?

undker 18 over 2
P(ze 52 =008 P72IH)= 00
S

iV Nerm (O‘O?/O)D P(z< %/L;—:Ai) = 0.945 St Hhe
"/ | R — AL i Norm (0,645, O)B ong
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o= XY-Ar
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3.06=0,6
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