Answers

Skills check

1 a ;_):_ﬁ:_ (3x3)+(4x5)+(5xT)+(6x9)+(7x6)+(8x2)
“xf 3+5+7+9+6+2
— 176 _
==55

36-_(10><3)+(12x10)+(15x15)+(17><9)+(20><2)
b x= 3+10+1549+2

= 3% =146 3sf)

3 a 33=32 .55=32x .x=33=171875

b 2:25=04 ..x-25=048 . x=298

1.2

c 2%=16 . 9-x=032..x=9-0.32=8.68

02
Exercise 15A

1 a discrete
b continuous

¢ discrete
b continuous
2 a 112(3(4/5 |6
1123145617
2(3/4|5{6 |78
3{4|5|6,718,|9
4516|7189 10
5/6|7|8|9|10 11
6789 (10(11|12
s 2i3 /415 |6 |7 |8 |9 {10/11|12
P(S=s) | 1/2|3|4|5|6|5|4/3 2|1
: 1 36|/ 36!36|36|36{36/36|36{36 |36 |36
i % 6 P(2 sixes) 1,1 1
6 6 36
% 6<56' P(isi) =~1.32.5
® 6 6 36
L epasm -3.1_5
5 € 6 6 36
5 6'<
H & POsies) = 2 <2 =%

WORKED SOLUTIONS

" Probability distributions

P(Zsixes)=—é-x%=3%
v _1.5_5
P(lSlX)—'gx'é'-—gs‘g
v 5.1 _
P(sip=32x1=%
. _5.,5_325
P(Osixes)= ¢ x 2 = 32
n o1 [2]
P(N=n) |25/ 10| 1
: 36| 36 | 36
1/2[3]als]s
1111111
211121212122
311213333
4 | 1123|444
5112|3145 |65
61|23 ,4|5|6
n 1/2 (34 5|6
_f1t|el7/5/31
P(N =n) |35|36|36|36|36 |36
1/2]3]as]s6]
11123 4|56
2124681012
3|3/ 8|9i12:1518
4 | 4 110(12116i20|24
5| 5/12|15{2025|30
6|6 141824 /30|36
p 1|2 5/6|8[910
P(P=p) |1 |2 |2|3|2|4|2|1|2
6|36 |36 (3636|3636 |36 36
P 112(15116(18/20{24/25|30,36
P(P=p) |4 |2 |2 |2/2}2 1|21
|36 |36 |36 |36 |36 | 36 |36 | 36 | 36

The faces are numbered 1, 2, 2, 3, 3, 3

1

2

32353

WIWWININRE
bibhibiW WN

gloiolbiblw

glo|lo bW

[N NN RNS RS RIS
[N RN ONRS RS NIF-N
[N RONNORES) N6 I IF-N
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Worked solutions: Chapter 15




(2 N

*—t 213,45

P(T=¢) | 1 |4 |8 120

36 |36 | 36| 36| 36

b P(T>9)=2+2 =2~

2
36

4 a (no.ondice | 1|23 4|5 |6
s 211161210 3
s 112136 |10
P(S=s) |2 |2|12]1
6| 6| 6|6 |86
_3_1
b P(§>2)=¢% 5
5 a $+1+c+e=1

b P(l<X<4)=P(X=2)+P(X=3)=%+%=
6 P(Y=p=c¢® y=1,2,3

'y 1 2 3 |
P(Y=y) c 8 | 27c
36c=1 .'.c=%

7 2k + 4R+ 6k2+E=1
10k2+3k—1=0

(Gk-1)2k+1)=0

k= % (k cannot be negative)

8 P(X=x= k(%)"' x=1,2,34
X 1 2 3 4
P(X =x) 1 1 1
L i K 3k §k ﬁk

1 1 14—
k+3k+§k+5k—l

407 — . L _27
-27le1.._E
9 a |x 0|1{2,31!41}5

P(X=x)  a | aja|b|bib

3a+3h=1 (1) P(X22)=3P(X<2)
a+3bBa)—> 32\«
3b=5a (2)
substitute (2)and (1) 3a+5a =1
1 _5
a=g3 b= 3
=5 45 .25 -
b PG, 3)=5x5u=5 PG 5= 576
— 25 — 25 =25
PGS, 9= P@ES)=z PG 5= 576

P(sum>7) = ;32
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WORKED SOLUTIONS

10 a P(C=3)=P(A=1andB=2)+
P(4=2and B=1)

_1.2 1 1
=3X3t3%g
b P(C=2)=P(d=1andB=1)=1xl=
P(C=4)=P(4d=1and B=3)+P(4=2and
=2)+P(Ad=3and B=1)

L
18

1 1 1 2 1 1__ 6
FXgt3X3t3Xg=m
P(C=5)=P(4=2and B=3)+
P(4=3and B=2)

1x1+1x2_i

3 3 18
P(C=6)=B(A =3 and B= Hp=lixl=l

e 2 3 4

P(C=c) | L | 5 | & | 5 | 1
18 18 18 18 18

Investigation - dice scores

1 faJ2]3lals]s
lalol112!3]4a]|s
2(1lo0f1l2]3]4
'3(2l12]ol1l2]s
4321|012
s al3[2]1]0]1
654321120
d 0 1 4] 5
PD=d)| 6 |10 | 8 |6 | 4| 2
36 36 36 | 36 36 36
2 |a o] 1]2]3]4]s
Expected | - | 1o | g8 | 6 | 4 | 2
frequency

3 Mean = 0x60)+(x10)+@2x8)+(3x6)+ (4x4) +(5x2)
36

_ 7035
36 18
4 d 3
Expected | 150 | 250 | 200 | 150 | 100 | 50
frequency | ° 9 9 9 9 9
Mean =
1501 , {1, 250) , (5,200 150 100 50
(0182) +[125%) + (2250) (< 15%)  (4187) 5~ F)

100

=35
18

The means are the same

35
18

Exercise 15B

Worked solutions: Chapter 15 4




WORKED SOLUTIONS

1 [x 1] 4 [ 91624 3| 8 a
PX=x) | 1 | ¢ |z | & | 1|12
6 6 6 6 6 6
— 1 1 1 1 1 1
EX) = (1xg)+(4xg)+(9x-g)+(16x€)+(25xg)+(36><g)
=2=152(3sf)
2 %+x+y= '.x+y=% ¢))
E(Z)—S%.
1 1 1 _17
(2xH+Bx+(5x4+7x+11y=1
Txtlly=4 () PR=8)=pxgxgxgxgxixixi=gr=1
sovig a0 5=, 7=} PR=9)= hxfeieindxdriebed
— -2 _1
3 [x 1 23] 5] 8 [13 “%=B
B AR ERAERE r 1123 789
P(R=n |9 |8 7|6 |5|alal2]s
E(X)=%(1+2+3+5+8+13)=%0r 5% 45 | 45 | 45 | A5 | 45 | 45 | 45 {45 | 45
e b Mean=L(9+16+21+24+25+24+21
4 [x 1/2[3]a[5]6|7]|8 , c. |
E(X) 1l2(slalslelzls +16+9) =33 :
36 | 36 [ 36 |36 | 36 |36 (36| 36 A _ 8.2 _16 _ 4
9 a PR=2)=5X{5 00"
1,4 9 16 25, 36 49
EX) =%t %5 % 5% 3% 36+ b PR=3)= (10) %_%
=24 =52 ¢ P(R=n)=08"1x0.2
d 1
5 a |x 1/2]3[a]5][6][7]8]9

10 a P(Z=0)+ 0.2 +0.05+ 0.001 + 0.0001 = 1
P(Z=0)=1-0.2511

P(X=x) |k |2k {3k 4k Bk |4k |3k 2k k

25% =1 k= 2’—5 =0.7489
b E(Z)=0+04+1+02+0.1
b From symmetry, E(X) =5 -17
6 a |x 1 2 3 $1.70 is the expected winnings on a ticket
P(X=x) | 0.2 |[1-k| k-0.2 c A ticket costs $2, but you only expect to win

b 0<1-f<1 and 0<k—-02<1 $1.70. Therefore you expect to lose $0.30

—1<-k<0 02<k<12 Investigation - the binomial quiz
12£20
2 02<ks1

¢ Mean=0.2+2(1—-k) +3(k—0.2)
=02+2-2k+3k—-06=Fk+1.6

You would expect to get 2.5 questions right
P(3right) = (3] (.57 (0.57 = 0.3125

Exercise 15C

. B 1 2 4 1 X~B(4}
P(x = x) a 0.3 b A1V 1Y 1
a+5=07 (1) a P(X= 1)=[1](E) (E) 1
mean = 2.8 La+06+46=28 b P(X< 1) P(X O) (%) 116"
a+4b=22 (2)

1 1_5
solving (1) and (2), a=0.2,5=0.5 ¢ PX=sD)=P(X=0o0r])=g+i=3%
~Px=1)=02 d P(X21)=1-P(X=0)=1-4£=8
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2

3

binomad £
8 blnornPcddF

O a+tb
D 1- b

v

b 0.351

d 0.649
~

using a GDC:
a 0329

c 0.680
using a GDC:
a P(X=5)=0.0389
b P(X<5)=00952

¢ P(X>5)=0.00870
d P(X=1)=00932

Exercise 15D
(Using a GDC where possible)

1

X~B(4,0.25)

X o [ 1 [ 213 4 |
_P(X=x) | 0.316]0.422]0.211 | 0.0469 [ 0.00391
Most likely outcome is 1 red face with probability
0.422

X ~B(8,0.55)

a P(X=5)=0.257
b PP 5 times) = P(X < 3) = 0.260
X ~ B(16, 0.01)
a P(X=0)=0851
b P(13 not faulty) = P(X = 3) = 0.000491
¢ P(X22)=00109
X ~B(10, 0.25)
a P(X=5)=0.0584
b P(atleast 3 free) = P(X < 7) = 0.9996
X~B(5,04)
P(X<3)=0.913
X~ B(6, 0.15)
a P(X>1)=0224
b P(X=1)=0399
X ~B(15, 0.05)
a i P(X=3)=00307
i P(X=0)=0463
i P(X22)=0.171
b i (0.46329..) =0.215
i (0.17095....) = 0.0292
i 0.46329..... x 0.17095.... x 2 = 0.158

Exercise 15 E

1

X~B(n, 0.6) P(X <1)=0.0256
P(X=0)=0.0256
(0.4)" = 0.0256
nlog 0.4 =log 0.0256
n=4

2 X~B(n0.01)
099> 0.5

WORKED SOLUTIONS

Pix=0)>0.5

nlog 0.99 > log 0.5

n< log 0.5

Tog 0.99

= 68.9, so the largest

sample size is 68

3 X~B(n0.2)

4 X~B(n0.3)

P(xX=>1)>0.75
1-P(X=0)>0.75
1-08">0.75
0.25>0.8"
0.8"<0.25

nlog 0.8 <log 0.25

log 0.25
n=> log 0.8

n>6.21
- leastvalueof n=7

P(x>1)>0.95
1-P(x=0)>0.95
1-0.77>0.95
0.05>0.7"

0.7 < 0.05

nlog 0.7 < log 0.05

log 0.05
log 0.7

n > 8.399
. least number of attempts is 9

5 X~B(n05) PX=1)>099

Exercise 15F

1 a X~B(40,05)
b X~B(40,—é-)
¢ X~B(40,0.25)

1-P(X=0)=20.99
1-0.5">20.99
0.01=0.5
0.5"<0.01

nlog 0.5 <log 0.01

log 0.01
B = J0505

n > 6.64 so the coin must be
tossed 7 times.

E(X) =40 x 0.5 =20
_ 1_ 2

E(X) =40 x 5 =62

EX)=40x0.25=10

2 X~B(n,p) mean=10 p=04 np=10

nx04=10

on=25

3 a X~B(150.25
b mean=15x0.25=3.75
¢ P(X=10)=0.000795
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4 a total number of girls =
(1x34)+(2x40)+(3x13)=188(53
total number of children = 100 x 3 = 300
= P(girl) = 332 = 0.51
b X~B(3,051) P(x=2)=0.382
expected number of families = 0.382 x 100
= 38.2

Exercise 15G
1 X~B(0})
Mean = 0 X % =0
Variance = 0 X -‘11- X (1—%) =0
2 B(12,0.6)
Mean=12x0.6=7.2
Variance = 12 x 0.6 X 0.4 = 2.88
Standard deviation = +/2.88 =1.70(3 sf)
3 X~ B(40,1)
Mean = 40 x 1 =20
Variance = 40 x % x % =10

Standard deviation = /10 = 3.16 (3 sf)

4 Xx~B(10,1})
a E(X)=10x1=3
b Var(X)=10x ¢ x3=2

¢ P(X<p)=P(X<3)=0.485(3sf)
(using binomial CDF on the GDC)
5 X~B(22, é)

— 1 .22
a E=22xl=2

— 1 4 _ 88
b Var()=22x1x4=8

¢ P(X<4)=0.332 (3 sf) using binomial CDF
on the GDC)

6 X~B(np
E(X)=4.5, Var (X) = 3.15
EX)=np=45
Var(X) = npq = np(1 — p) = 3.15
4.5(1-p)=3.15

np=4.5

P(X=3)=1-P(X<3)=1-0.126828
=0.873 (3 sf)
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WORKED SOLUTIONS

X ~B(n, p)
EX)=1738
r=03
a EX)=np=178
03n=178
n=26
b Var(X) = npg = np(1 - p)
=26x%x0.3x0.7
=5.46
X~ B(n, p)
E(X)=9.6
Var(X) =1.92
E(X)=np=9.6
Var(X) = npg=np(1 —p) = 1.92
9.6(1-p)=1.92
9.6-9.6p=1.92
9.6p=17.68
r=038
n=12
P(X = 6) = 0.0155 (using binomial PDF on the
GDO)

Exercise 15H
Using GDC:

1

a 0.683

0.954

0.997
P(1<Z<2)+P(-2<Z<-1)=0272
P(0.5<Z<15)+P(-1.5<Z<—-0.5)
=0.483

P(Z>1)=0.159

P(Z> 2.4) = 0.00820
P(Z<-1)=0.159

P(Z < —1.75) = 0.0401

0.742

0.236

0.0359

0.977

0.390

0.306

0.595

0.285

o e 0O

O oo 0o a6 o e o T e

Worked solutions: Chapter 15




7 a P(|Z] <0.4)=P(-0.4<Z<0.4)=0.311
b P(1Z]>1.24)=1-P(|Z| <1.24)
=1-P(-1.24<Z<1.24)
=0.215

Exercise 15l 0,%
Using GDC: .25

1 a 0655 .

0.841 e
0.186

0.5

0.672

0.748

0.345

0.994

0.997

0.494

o

0O oo 0 o an

Exercise 15J
1 X~ N(100,20%
a P(X<130)=0.933
b P(X>90)=0.691
c PB0<X<125)=0.736
2 X~N(4, 025
P(3.5 < X< 4.5)=0.9545
number of acceptable bolts = 0.9545 x 500 = 477
3 X~N(4, 4
a P(X>20)=0.0668
b P(X>10)=0.159=15.9%
4 X~N(551.3,15?%
P(X>550)=0.535=153.6%
5 X~ N(500, 205
a P(X<475)=0.106
b (0.1056...)° =0.00118

Exercise 15K
1 a P(Z<a)=0922,a=142

b P(Z>a)=0.342
. P(Z<a)=0.658, a=0.407
¢ P(Z>a)=0.005 .. P(Z<a)=0.995,

a=258
2 a P(1<Z<a)=0.12 LSS+
; 7'P(z<1) 0.8413 . P(Z<a)=0.9613
1
" a=177

e

b P(a<Z< 1.6) = 0.787
P(Z> 1.6) = 0.0548
~ P(Z<a)=1-(0.787 + 0.0548)
=0.1582 \/’\’Ff
~a=-1.00 il /L)

)

. . a b L .
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WORKEDSOL" o))

c P(a<Z<—03) 0182

P(Z>-0.3) = 0.6179 N7
. P(Z<a)=1-(0.182 + 0.6179) = 0.2001
a=-0.841 & -5

3 a P(-a<Z<a)=03

= “P(Z<a)=065 % - 4=0385

b P(lZ| >a)=0.109

s P(Z<a)=0.9452 ~oa=1.60
4 a P(Z<a)=095 . a=164
b P(Z<a)=0.38 soa=0.842

Exercise 15L
1 X~N(55,0.2) P(X>a)=0.235
P(x<a)=0.765 ..a=5.64
2 M~ N(420, 10)
a PM<a)y=025 . a=413
b P(M<b)=0.9 . b=433
3 X~N(502, 1.6
a P(x<500)=0.106

b P(500 < x < 505) = 0.864 or 86.4% s 025
¢ P(x<b)=0.975 b=505.1 a=4989
a=499 b=505 g =2 196

ilb -‘lq(p
4 X ~N(550,25%

a P(520 < X<570)=0.673

b PX>9=01 ~PX<a)=09 .. a=582
5§ a X~N(55159),P(x>d)=0.05,d=79.7

b P(x<f)=090, f=358

Exercise 15M
1 X~N@30,0%) P(X>40)=0.115

_ 40-30 _ 10
Z= o o

9=12004 ~0c=833
2 X~N(u,4) P(X<205)=09
205- 205-u
Z= =% . P(Z< ) 0.9
, B3o4 = 128155
p=154

3 X~N(u, 06 P(X>58139) =0.0217
P(Xx < 41.82) =0.0287

7= 59.39-u 7= 41.82-u
a a

p(2>324) - g.0217
2 P(Z<B2) 29783 . Ik _j 108

p(Z<H24)_ 00287 .. 824 - _1 9003
Lp=499 ©=423




WORKED SOLUTION_S_

4 X~N(y,0) P(X<89)=090 P(X<94)=095 b P(X>117)=0.605=60.5%
Z= 89—" z=5%=xr yes, this is consistent with the normal
7 distribution

Z<——-89_‘u = . —89_”=
pP(Z<24)=090 . £ =128155 1 X~ N(E D POX"495) = 0.95

P(Z<%4) =005 .. %t = 164485 P (x> 490) = 0.99

Lu=714 o0=13.8 o v

s 2% o pis 1452012 P(z>%4)=095 .. p(Z<£24) = 0,05
Z= 109 o A o 164485 (1)
P(2>%) =012 ~.P(z<Z)=088 P(Z>224) =099 - P(Z<E4) =001
~2=1175 . o0=766cm o B 932635 (2)

6 X~N(u 20 P(X<500)=0.01

Solving (1) and (2) simultaneously gives
75004

o p=507.1,0=7.34
x+4=1/19 . .
P(Z<Xz4) =001 -~ "= 2326 E Review exercise
1,2 —
7 X~N(0.85 0% P(X<11)=0.74 3205 k=6
a Zz= L1085 - 025 b E(X)=(—2><O.3)+(—1x%)+(l><0.1)
P(Z<¥2)=0.74 - 025=06433 +(2x0.1)
[~
- 0=0.389kg = _%

b P(x>1)=0.350 = 35.0%
8 X~N(u7) P(X>68)=0.025

P(X =x) 5¢ 8c 9c 8¢ 5c

7= 68—;1
35¢=1
P(Z>M) 0025 - P(Z<%#)=0975 o
Se=gg
.. 9—8:7_—'Li=195996 /l=543 cm b ﬁ'omsymmetry,E(X)::;

9 X~ N(2.9, o?) P(X>3)=0.35

11,1 - e
7= 3-29_01 3 4+4+8+x 1 - x=
[+3

ool

5
P6)=P(2,4)+P@3,3)+PH4,2
P(Z>%) =035 - P(Z<Y) =065 ©=FE49+FG, )+ FED
=1y341y1,3,1_13
~2=03853 . 0=0260m 478 878 874 4
10 a X~N(z, 0)P(X<108)=03P(X>154=02 , , TG
_108-4 _154—y
z=108s z=1p 1224
px=TTEV6S _g3 . 18u _ _sogy 2/4|4)8|8
3 o .
2 3|66 (12/12
154 - 154 -
P(z>14) =02 . P(z<2i£)=08 4|88 16|16
154—u
= =08416 possible values of Pare 2,4, 6, 8, 12, 16
u=1257 o=233.67
u=126 =337 b |x 2. 4|6 |8]|12] 18
= 112 1 2 1 1
P(X=x) 5/8| 5|8 |5]| 8
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8,6,16 12

c EQ)=g+i+g+ig+i

L}
8

=175

d (x £10| £5

P(X = x)

IS
slw

. 1 3
E(X)=10x1+5x3=625

After 10 weeks, expected total = 6.25 x 10

= £62.50
5C3

s x~BsY)  Per=3)= (3 <{Zf
1

6 X~B(2,01) EMX=nP=2x01=02

7 a A

S

| 65 75 a 5
P(X < 65)=P(X> q) P 8

From symmetry, a = 85

b P(X>a)=12024=0023

W /

{~boinom f”le

Review exercise (’(\"r“b s,
(

1 a X~B(3}) Pxzn=§
-5 1 /
8 | 19 =
(\27 y Suwm
. . 8 19 _ _q@7 op—
c i E(X)— Sxﬁ’*‘lx'ﬁ-— $'9-OI' $0.78 8
. lose $0.78 (or $2)
K’\/

i Zx9=7
2 X~B(8,03)
a P(X=3)=0254 Binmpde(<,.3,3)
b P(X23)=0448 \— Biremcclf (g,.32)

3 X~B(6,—)(P

: ;(5_32_95358
Y~B(5,0.05358)  P(¥=2)=0.0243
Gfr\m‘d‘e(sj ‘Lj 7\'»

b {x
P(X = x)

.. lose $7
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WORKED SOLUTION

a X~B(10,0.2)
i P(X=4)=0.0881
ii P(X>5)=0.00637
b P(X=0)=0.107 P(X=1)=0.268
P(X=2)=0.302
P(X=3)=0.201 the probabilities continue
to decrease after this
. most likely number is 2

¢ X~B(n 02 PX=21>095
1-P(X=0)>0.95
0.05>P(X=0)
P(X=0)<0.05
(0.8)" < 0.05
nlog 0.8 <log 0.05
log 0.05
log 0.8
n>134
.. need 14 points in this sample
< = 7 -
P(|Z|<a) o.is o4 P22~
P(-a<Z<a)=0.85
~P(Z<a)=0925 . a=144
a X~N(71,0Y) p(x<80)=0.85
Z= 80-71_9
o o
P (z <Z)=085 . 2=10364 . 0=868
o g

b P(X>65)=0.755

X~N@, o) P(X<30)=0.15 P(X>50)=0.1
7= 30 30-4 7= S0-u

p(z- )_012
( 22 o1 rl

1.28155

. 30—
'a

—-1.03643

4) ~ 09

pw/‘

,u=38.9hours o=8.63 hours (&,62 i€ r
a X~N(,2) P(xx>35=02

— 35-u
4 2

p(2>334) =02

- B2k =0.8416

2P(2<E4) =08

, 5,-2/0)
=333 inam@ € (5%
b X~B(,02)
¢ P(X=2)=0263

P(X = 0) = 0.328

(-~ binowcd (5,21

Worked solutions: Chapter 15
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