1

kills check

O o o o

A=(3,0,0)

B=(3,4,0)

E=(3,0,2)

F=(3,4,2)
—(3

H= (5, 4, 2)

x2=324+6°

=9+ 36
=45

x=+/45 ~6.71

3 a X=180-110=70
cosX=%=>z=15cos7O

b

A
13)?

~5.13
sinX = % = y =15sin70
~14.1
(AC)Y = y* + (9 + 2)*
=(14.1* +(9+5.
AC=1/4325
=20.8

X “"PDrenD -~ 1 4 ¥ \ e~
WORKEDSOLEUTION:

-3

3 a=—3i—5j=( )
-5

PTI
b=—21+4j=[ )
4

=3
= —3. —_ 6. =
€ 1 J (~6)

4 a

=21cm(to the nearest centimetre)

Using the Cosine Rule

(ACY2 = (AB Y2+ (BC)* — 2(4B) (BC) cos (A4BC) 3

(9.7 =(8.6)* +(3.1)2—2(8.6) (3.1) cos (45C)

ABC = cos~! (8.6 +(3.1)’-(9.7)
2(8.6)(3.1)

i Exercise 12A /

1
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~101.4°
x = —2i + 3j
y=7j
z=i+j-k

2
AB =3

0

-1
CD=| 6

-1

0
EF =0

1

o

2

2i - 5j = 27 + (-5)

4

=3 +4>=25=5

( ;)l=m=mz3-16
|2i+5j| = V2 +5 = 29 ~ 5.39
=(2.8)" +(4.5?% =5.3

=429 ~5.39

3
2 =+32+22+5% =38 ~6.16
5

-1
-3

-3

6

=4 + (-1’ +(=3)* = /26 ~5.10
P2i+2j+k =2 +22+1* =9 =

2 =32 +22+6* =/29 =7

e |i-k=yI+(-1)? =v2~141

Exercise 12B

Worked solutions: Chapter 12 ‘i :

o
i A
e



. WORKEDSOLUTIONS

3 a For parallel vectors, r=Fk s for some %
(41 + tj) = k(141 — 12j)

4=14%

=%

T 14

=l

7

k

t=-12k
=—12x2
7

-2
7

b For parallel vectors, a=kb for some &

ol

-8=-10k
_ -8
=T
=4
==
so t=T7k
4
. 3)
28
s

4 For parallel vectors, v=kw for some k
ti—5j+8k=k(5i+j+sk

_1ys 5
= E(1+7J) s
a is parallel to i + 7j with % the magnitude. so (=5
-1 t=5(-5)
()
 Afrg s 8=sk=(-5)s
=-1(i+7j) s
b is parallel to (i + 7j)with opposite direction. 5
~0.05) . o —
°=| _103)% not parallel to (i + 7j) 5 a 0G=j+k
10 b BD=-i-j+k
d=[ 70] is not parallel to(i + 7j) ¢ AD=-i+k
d 0—M=%i +j+k
6 a 0G=4j+3k
e =60i+420j b BBt aie 3k
=60(i+7j) BD=-5i-4j+3

¢ AD=-5i+3k

e is parallel to (i + 7j) with 60 times the magnitude
d OM=3i+4j+3k

f = (6i—42j) is not parallel to(i +7j)

g =(-i+7j )is not parallel to(i + 7j)
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Exercise 12C
) =

2
3 a OP=|-3|=2i-3j+5k
5
1
b vectoris —|-5|=—i+ 5j — 6k
6
1 2 -1
¢ vectoris| 2 [-|-3|=| 5|=-i+5j-6k
-1 5 -6
2 1 1
d vectoris |-3 [-] 2 [|=|-5 |=i—-5j+6k
5 -1 6
1 4 5
4 IM=LN+NM=|-2 |+|-2 |=| -4
0 -3 -3

5 From the diagram, we see
US=-TU +TS
=—(i~—4j+2k)+(3i+4j\—k)
=(-1+3)i+(4+4)j+(-2-1Dk

=2i+8j-3k /T\
/N
S
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| WORKED SOLUTIONS

X

From the diagram, i
4B+ BC-AC -0 \
/N
1 2x 1 0 / N
y|+|-3|- 4|=|0 / \
- C
2 z xX+y 0 B/
1+2x-1=0=0+2x=0 €))
y—=3-4=0=>y-7=0 2
2+z—~(x+y)=>-x—-y+z-2=0 3)
1) =2x=0
(2) =y=7
B) >-2+z-7=0
z=9

Exercise 12D’
1 AB=0B- O4 = (=2i + 3j-k) — (i—2j+3Kk)

=(-2-Di+(3-(-2)j+(-1-3)k
=-3i+5j-4k

AC=0C - OA = (4i-7j+7k) - (i-2j + 3K)
=(4-1Di+(-7-(=2)j+(7-3)k
=3i-5j+4k

we see AB =—AC, so AB and AC are parallel.

Since they contain a common point A, they must
lie on the same line.

5 2 3
a AB=0B-04=|1|-| 3|=| -2
5/ -3 8
8 2 6
b AC=0C-04=|-1|-| 3|=|-4
13) |=3] |16

we see AC =2AB, so AC and AB are parallel.
Since they contain a common point A, then
A, B, & C are collinear.

=2Y (1Y} (-8
BPR=0P,-0B=| 1|-|2|=| -1
4/ |4 0
-5) (1) (-6
FP;=§’3—51—3;= 02 |=|-2
4 |4 0

we see F, P, =2FF,. Since they contain a common
point, they are collinear.

Since P, collinear with P,, P,, P,, we have
BP, =kBP, forsomeke R

2) (1 1
BP =|s |-|2 |=| s—2 |forsomes & ¢
t 4 t—4

£

Worked solutions: Chapter 12 / &



1 ~3
Now |s-2|=F| -1
) 0
1=-3k=k=1"
s-2=-k=s=2-k=2+;=1
t-4=0=>¢=4
- P, =[2,§,4)

4 0A=3i+4j,0B=xi, OC =i-2j
AB =0B —04 = (x - 3)i—4j
AC=0C-04=(1-3)i+(-2-4)j
=—2i—6j
If A, B, C are collinear, AB =k AC for some ke R
s (x=3)i—4j=k(=2i-6j)

J components = —4 =—6k = k =§
sox—3=-2k=2
x=2_4.5
3 3 3
soA—B=§i—4J
BC=0C - OB
=(i—21)—§i=—21—21
. (A (2
AB:BC=|3||3
4|2
= 241
Exercise 12E
4y (-1 5
1 AB=0B-04=| 5|-| 5|=| 0
-1 1) |2
Distance AB = 52+(—2)2
=29
~5.39
6\ (-5 11
2 A4AB=|0|-| 2|=|-2
6 4 2
Distance AB =+11% +2% + 22 =129
8y (-5 13
AC=|10 |-| 2 |=| 8
1 4] -3

Distance AC =+/13% + 8 + (—3)2 =+/242

8) (6 2
BC=|10|-| 0 |=| 10
1] le] (-5

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser's institute Worked solutions: Chapter 12 /é' &

. WORKED SOLUTIONS

Distance BC =+/2% +10% + 5% =129

Distance 4B = Distance BC, so ABC is isosceles.
B

V129 V129 cos(CAB)=%
A N c CAB=46.8°
3 |a|=7,5042% +(-3)" +£* =7
44+9+12=49
t* =36
=6

4 a=xi+6j-2k
|a| = /% +6% +(-2)" = 3x
£ +36+4=92
8 =40
x% =25
5 |u|=]v],s0
@ +(=a)’ +(2a)" =22 +(—4)’ +(-2)
a+a’ +4a> =4+16+4
6a* =24
a’=4
a=12
6 a b=2a
Then|a + b|=|3a| =3[a| =15
b b=-3a
Then |a +b|=|-2a|=2|a|=10

S

a
Using Pythagoras
lal?+ [b|2= |a +b]?
Hence |a+b| =,/52+ 122 =13

Exercise 12F’

3. 4. f32 4y _[9 16
1 2¢ 207
Frgaty

_ 1,44
9 9 9
=J1=1

3 |di-3j|=42+(-3) =25 =5

; o ligr 2 _4: 3.
So unit vector is 5(41 3j)= i=2f

2 |ri+2je2u=
3 3 3




—~

So unit vector is ——| -5
Jaz

3) (1 2
5 PPF=|2[-0]=| 2
0) (1) |-1
[BE|=v22+22+(-1)" =/9 =3
2
So unit vector is% 2
-1

6 |ai+2aj|=+d’ +(2a)* =54
=/5a

Nowx/ga=1,soa=i=L x£=£
s 5 5 s
7 [2i-j|=y2*+(-1)
_J5
So unit vector is L(2i -J)
Js
Vector of magnitude 5 is %(Zi ~§)=+/5(2i-j)
5
-1
8 ||-3|=y(-1)"(-3)+2> =14
2
-1
unit vectoris —| -3
Via
2
-1 -1
and vector magnitude7isi =3 |= E -3
Jia 2
2 2
2cos0
9 095 = \/22 cos’@ +2%sin*6
2sin6

= \/4(c0529 +sin20)
=2\/(T)=

2cosf 6
So unit vector is l €os C?S
2siné sinf
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|
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So unit vector is

1 1 _ [ cosa
seco. | tana, | | sina
Exercise 12G

1 a a+b=(2i—-j)+(3i+2j)
=(2+3)i+(-1+2)j
=5i+j
b b+c=(3i+2j)+(-i+])
=(3-1)i+(2+1)j
=2i+3j
c c+d=(-i+j)+(31+3j)
=(-1+3)i+(1+3)j
=2i+4j
d a+b+d=(2i—j)+(3i+2j)+(3i+3j)
=(2+3+3)i+(-1+2+3)j
=8i+4j
e a-b=(2i-j)-(3i+2j)
=(2-3)i+(-1-2)j
=—i-3j
£ d-b+a=(3i+3j)—(3i+2j)+(2i-j)
=(3-3+2)i+(3-2-1)j
=2i+0j=2i

e lSGHA SH
i I 5 e 2
- e A G

¢ woneel o)
(2+3(—4) (—5))
{

3+3(5)-(-3)

)

Worked solutions: Chapter 12 /,f“@




=5\ (—4) (2
e 3c-2b+5a=3 -2 +5
(s )5
(3(=5) -2(-4) +5(2)
B ( 3(-3) -2(5) +5(-3))

(-15 +8+10
| —9-10-15

1=

(3i - j— 2k) + (5i — k)
1)j+(-2-1)k

a+b=
=(3+5)i+ (-
=8i-j-3k

b - 2a = (5i - k) - 2(3i - j - 2k)
=(5-6)i-2(-1)j+(-1-2(-2))k
=-i+2j+3k

2a-b=2(3i-j-2k) - (5i - k)
=(6 - 5)i + (=2)j + (=4 + Dk
=i-2j-3k

4a—b)+2(b+2) =43 - 5)i—j+ (=2 + Dk)

+2(8i — j — 3k) from Q3a
= —8i — 4j — 4k + 16i — 2j — 6k
= (-8 + 16)i — (4 + 2)j + (4 - 6)k
= 8i - 6j — 10k

2x-3p=q

3 -1
2x—3[ =

-5 4
2x=(

-1+9) (8
4-15 | [-11

Soy= %(19i—48j)
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| WORKED/SOLUTIONS

|

c 2p+z=0

-5 zZ, 0
6+2z=0=12=-6

~10+2z,=0= 2 =10
z=—6i +10j

x 6-—y
a=b= =
x+y —2x—3
x=6-y M
x+y=—-2x-3
y==3x-3 2
Sub (1) into (2)
=—3(6—y)—3
y=-18+3y-3
-2y =-21

(5}

3a=2b=3|r |=2]| 3s
u t+s

(<]

(1) 9=2(t-y5)
(2) 3r=6s
(B) 3u=2(t+s)
2) =t=2s
(1) = 9=2(2s-s)
=2s
s=2
2
2) =2t=9

(3) = 3u= 2(

]

=9

+
u=21-9
3
t9sg
2’

Exercise 12H

a AP=04=a

b AB=-04+O0B
=-a+b
=b-a

Worked solutions: Chapter 12 //@ :




WORKED SGLUTIONS

¢ PQ=-AP-04+0B + BQ

=-a-a+b+3b it FO = FB + BO
=4b-2a By symmetry,OB=FA=a
d W:lmzl(%_za‘) so FO = FB-0OB
2 2 —b_a
=2b-a

iii ¥C = FO + OE + EC
By symmetry, OE = BO =-a
andEC=FB=b

e ON =04+ AP + PN
=a+a+(2b-a)

=a+2b -
_ soFC=(b~a)—a+b
f AN =4P+PN o
=a+(2b-a) =2[b-a]
=2b iv BC =BE + EC
2 a=04,b=0F, AC:CB=3:1 =BO+0C+EC
- =—0B +0C + EC
a AB=-04 +OB ——a—a+h
==a&b =b-2a
_b_a . —— R
—_— G v FD=FC+CD
b AC=24B By symmetry,CD =—-FA =-a
=%(b—a) soFD=2(b-a)-a=2b-3a
c _B=iA_B b ABis parallel to and half the length of FC
=i(b—a) ¢ FD=2b-3a
4 AC = AF + FC (see iii)
d OC=04+ AC =-a+2(b-a)
=a+2(b-a) =-3a+2b
=a(1-%]+ b3 FD = AC .. FD and AC are parallel
P Bioxiie
. S _ a AB=-04+ 0B
3 04A=a,0C=c,CB=3a Cath
a OB=0C+CB =b-a
=C+Sa % _ 2—=
__—tTte AP =Z4B
b AB=-04+ OC+CB SICEAE=3
=-a + c +3a AP=§(b—a)
_=22*‘1_ b Mis mid point of O4, so
OD=0A+-AB . e
€ 2 Mi='0d=la
= 1 23) - 2_. 2_.
a+gle+ MP = MA + 4P
= 1 1, .2
23+2C —§a+§(b—a)
d CD=CB-14B =(l—3Ja+3b
2 23 3
=3a—1(c+2a _2¢p 1
2( ) 3b e
=2a-1lc — e =
2 ¢ MX=MP+ PB+ BX
4 a FA=a,FB=b ﬁ=1ﬁ=1(b—a)
o 3 3
i AB=-FA+ FB BX=0B=0b
=matb s0MX =(3b-ta)+}{b-a)+b
=0 -1
© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser's institute Worked solutions: Chapter 12 /’ Z/’ : :
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d MP=-2b--.a d 2u-w=2(-29)
Y= 2p-_1 =-58
MX =2b-a -1 —4|[-1+¢D
MX =3MP .. MXis parallel to MP e (u—v)(ut+w)=[ 0-(=3)[| 0 +3
Since MX and MP share the common point 5 ~(=D|| 5+(-6)
M, MPX is a straight line (—5Y (=2
Exercise 12] 13ll3
1 a ab=(2i+4j)(i-5j) 6 ||-1
=(2x1)+(4x-5) =10+9-6=13
=2-20 3 a ab=(2x4)+(4x-2)
b b-c=(i-5j)(-5i-2j) = 0= perpendicular.
=(Ix=5)+(-5x-2) 2\(1
— 5410 b c-d=[1]~{2J=(2><1)+(1><2)=4
=5 — [2a12 = -
¢ a-a=(2i+4j)(2i +4j) lel =2 +1 2‘“/5 lal=+5
= (2x2)+(4x4) lel1dl=(V5] =5%cd
=4-+16 So neither parallel, nor perpendicular.
=20 -8)(4
d - c-(a+b)=(=51 - 2j) (2 + 4j) + (i-5j)] ¢ wv=|2 [|-1|=(-8x4)+(2x-1)+(2x-1)
=(~5i- 2j)[3i -] 2 ||=1
=(~5x3)+(-2x-1) =-32-2-2=-36
=15+2 lu|=/8 +22+2* = J64+4+4=72
—=13
_ a2 12 .12 _ —
& (c+a)b:[(~51—2])+(2i+4])](1—51) |V|_ 4°+1"+1°=J16+1+ \/1—8
= [-3i + 2§ (i - 5i) [u|lv]=18%x72=36=—u-v
= parallel.

=(—3><1)+(2><—5)
d a=3i-2j+k b=3i-2j-k

=-3-10=-13
_1\( 4 a-b=(93><j)n;(—2x—2)+(1><—l)
= + —
2 a uvs=s (5) -—? =(-1x4)+(0x=3)+(5x-1) ~12
=tk =5 la|=3? +22 +1* = O +4+1=V14
=) [b|=v3?+22+1* =0 +4+1=+14
-1\ 4 (-1} (-1)(5 2
b u(v-w)=| 0}[|-3 -3)|=|0 ||-6 ,a”b|=(\/ﬁ) =14#8:b
5(|-1 —(-6) 515 = neither parallel, nor perpendicular
= (~1x5)+ (0% —6)+(5x5) T LA
=—5+0+25 e 0X-0Z=[0}0|=(1x0)+(0x0)+(0x1)=0
=20 0]11
-1)(-1 = perpendicular
c uwv-uw=-9-0 |3 f n-m=(2i-38j)(-i+4j)
5|6 =(2x-1)+(-8x4)=-2-32=-34
~9—[1+0-30] —
B 9B T m|=/1* + 4 «/ +16 =417

Worked solutions: Chapter 12
/
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n|m|=./17x68 =34 =—n-m

= parallel.
- 2) (-1
g AB-CD:[Z]-( 1):(2><—1)+(2><—1)
=-2-2
-4

|4B| = |22 + 22 =8
ICD1 =1 +I* =2
|4B|- |CD|=+/2x8 =16 =4 =~ 4B - CD
= parallel vectors
4 a+3b=(i+j+2k)+3(3i+2j-k)
=(1+3x3)i+(1+3x2)j+(2+3x-1)k
=10i+7j-k
2a-b=2(i+j+2k)-(3i+2j-k)
=(2(1) = 3)i + (2(1) - 2)j + (2(2) - (-1)) %
=—i+5k
(a+3b)-(2a—-b)=(10i + 7j — k) - (i + 5k)
=(10x=-1)+(-1x)5)
=-10-5=-15
5 Letd=di+d,j+dk
a-d=3d +(-5)d, =-9
b-d=2d +7d,=11
c-d=d +d, +d;, =6
using GDC, d,=2,d,=1,d,=3

2
So,d=|1
3
6 a-b=|a|-lb[cos¢9
x/g=2\/§cost9
cos¢9=£=L:>9=45°
)
2
(SJ 2x2+-1x5=4-5=-1

: l=\/22+52 =J4+25 =29

-1= x/gx/ﬁcos@

-1
6 =cos™| —— | =94.8°
(\/145)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

; ';'AO! 3& j ’\J"h‘qh 1|01 ‘!*

4 -3
. =4x-3+0x1=-12
0 1

o] -7 -
() -

-12 = 4+/10 cos @

@ = cos™ (‘—3) =161.6°

J10
(21 +5§) - (21 - 5§) = (2% 2) + (5 =5)
=4-25
|(2i + 55)| = \/2 +5% =29 =|(2i - 5§)|
;.—21=29cosé

6 = cos™ (—2_291) =136.4°
-()-(-(3)
=-LHE

—B.R:[_;J(_Zl]:(—lxl)+(5x—2)

=-1-10=-11
| 4B|= I + 5 =26
|4C| =P +2* =5
AB- AC = | AB| | AC|cos6

—11= /5% 26 cosd

_ 11
cos@-E
1% 2
2| |-3|=-2-6+12=4
2/16
=1
2 [|=v1P+22+22 =9 =3
2
2
—3 || =22 +(-3)*+6° =4+9+36=7
6

so4=3x7cosf

cosf =24 6=79°
21

Worked solutions: Chapter 12 //'@ Y



10 a

-2 [=8-6-2=0=perpendicular vectors

0=90°
-7j+k)-(i+j—k)

=(2><1) (-7x1)+(1x-1)=-6
|(2i-7j+k)|=v22 + 72+ 1 =54
,1+J kl—\/HT-\/_

s0 —6=+/162 cos®
9=cos"l[i)=118.l°

0
/-\

J162

;) 1) (1
AB=|3|-|-1|=|4

4 4] |0

=
3

8l
9
I

AB- AC = |TEI]Z&|COS@

1=\/ﬁ\/%cos€

L =cosf
\442

c AreaABC=% | AB| | AC |sin BAC

44251n(cos ——-J 10.5cm?

2 Jagz
1
11 The x-axis has unit direction vector | 0
(1 0
so|l]- =1
1) 10
1 1
=V =land| 1] =VI+1+1=43
0 1
so 1=+/3cos@

1
@ =cos| — |=54.7°
(\/3)

12 a

13 Qi+A4j+K)-@1-2j+3k)=

14 a+b

g - WORKED SOLUI mw@.%
ki B R R e

04 = 4i + 4j — 4k, OB =i+2j+3k

(04). (OB)=(4x 1)+ (4 x 2) + (-4 x 3)
=4+8-12=0
= OA and OB are perpendicular

AB= 0B - 04
=(1-49i+@2-4j+3 - -9k
=-3i-2j+ 7k

| AB1 = \(-3) +(-2) +7* =62 ~ 787

@x1)+@Ax-2)

+(@Bx1)
=2-2A4+3=0
for perpendicular
vectors.

5=2A

A=3
2

=G+ Di+(=3+1)j+((7+ Ak
=6i—-2j+(7+ Ak

a—b=(G-1)i+(=3-1)j+7 -k

Now(a+Db)-(a—Db)

=4i—4j + (7- Dk
=(6x4)+(-2x—4)
+ A+ )T = )
=24+8+49 - A2=0

A?2=81
A=19
P 2 p+2
15 a+b=| 2 +[ -p|=| 2—-p
-») \-3) \-p-3
p-2
a—-b= 2+p]
-p+3
p+2 p—2
(a+b)-(a=b)=| 2—-p|-| 2+p
—p=-3)\-p+3

(" =4)+(4-7)-(9-7")

Il

= p* —9=0 for perpendicular vectors.

= =9, p=43

Exercise 12J
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B
-~ " WORKED SOLUTIONS

( 2 ) N N e 2 iR

Then a-p =0, and line is

3 3
- -1 2
c r=| 1[+¢-2}|¢teR. . r teR.
-2 8 6 -3
d r=2j-k+(3i-j+k), tER b Using the same technique as in part a, we see
) ® 2
4 3 ( )is perpendicular 3
2 a Position vectors are 5 and ( 2) 5 -2
Line joining the 2 points has direction N Lineis r = (—1) + t(z J, teR.
3 4) (-1 N il A B) \s
2 -5)7|-7 S il . g
i i Vg ¢ |0 |isperpendicularto| g
Lineis r= +t ],te R. » 3 -1
b Position vectors [ 4) and ( SJ
-2 -2 4 1
Line joining 2 points has direction . lineisr=|2f+7/0} ek
2] -
-2 (+2)) |0 r g™ B EL O 2
4 1 ¢ 9 d Werequire p=|p, |sothat p-a=0
Line is rz( J+ t( ),te R.
-2 0 by
3 ) p-a=p —3p, +4p, =0
¢ Position vectors | 5 |and | -4 Take p, = 0, p, = 4, p, = 3 for example
9 5 Then line is r = 5k + £(4j + 3k),zeR.
Line joining 2 points has direction 4 a Weneed to know if there is a value of ¢ for which
3 -2 1 2 1 4
o |- (i) ) (s
Take = 2 Then = +2
3 1 5 1 2
Lineisr=|5|+¢| 9|, tER. so (4, 5) lies on the line.
¢ = b Isthere ¢ so that > +t 4 = . ?
0 1 1 -3 -2
d Position vectors | 0 |and | -1 5+t(4)=5andl-3t=-2
1 0 t=0andt=1=nosucht
Line joining 2 points has direction so (5, —2) does not lie on the line.
0 -1 _1 -1 1 -3
0 —(=D) |=| 1 c Istherersothat| 5|+t O|=| 5)?
1 -0 1 -3 -2 1
—~1+t=-3=r=-2
0 -1 5+ 0() = 5 = = anything
Lineisr=|0 [+¢] 1 3_2t=1=f==2
1 1 -3 -1 1
# so| 5|=| 5|-2| 0]1ie (-3,5,1)lieson
3 a Weneedavector P = (pl ) which is 1 -3 -2 line.
2
perpendicular to a d Isthere ¢ so that
3\ (2, (2i+j+ k) = (2i—j - 3k) + {-2j -3k)
a'p:O=>(2J'(pz]=3p‘+2p2:O 1=-1-2rand1=-3-3
-2=2t 4=-3¢

Takep, =2,p,= -3
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t=-1 andf = —* = no such 7.
so (2,1,1) does not l3ie on line.
2 -2
5 r=|4|+¢t] 3| teR
5 8

10=4+3t=6=3¢t=2
p=2-2t=2-22)=-2
g=5+8=5+8(2)=21

6 A vertical line will have direction (1 ]

-6 0
sor=( )+t( ),teR
5 1

7 a (1) Are the 2 lines parallel?

Is there ¢ such that [ 21) = t[_gj

Taker = =L Then [ 2|22 °
acet——3~. en _1 = 3 3 SO

lines parallel.

(2) Are 2 lines co-incident?
D -9
oes 10
-9 3 2
= +s . Take s = -6.
10 4 -1
-9 3 2
= -6
-9
e}
10

Are lines parallel?

-4 1
Is there ¢ so that [ 2)= t[zjz No such

) lie on 1,7

lies on r; = lines co-incident

b (D)

t, so NOT parallel.

(2) Are lines perpendicular?

Take dot product of direction vectors:

-4 (1
( ZJ.(2)= —4 + 4 = 0 = perpendicular.

Are the lines parallel?

4
Is there ¢ so that =t 8
-3 -6

t = 2 gives

4 8 .
=2 = lines parallel.
-3 -6

(2) Are lines co-incident?

c (1)

5
Does (3 ] lie on1?
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- WORKED SOLUTIONS

(3)-(2) o o s

lines NOT co-incident.
(1) Are lines parallel?

1 1
Is there ¢ so that [2 )z t(l] No such ¢

= NOT parallel.
(2) Are lines perpendicular?

Take dot product of direction vectors:

1)1
(2 ) (1 J =1+ 2 =3 = NOT perpendicular.
Are lines parallel?

Is there ¢ so that

4 4
=t No such t =

lines not parallel.
(2) Are lines perpendicular?
Take dot product of direction vectors:

)i

NOT perpendicular.

1) (2 N\l(2

41-11 1=\l 4 1

0) |1 0)|I\1

2+4=12+4222+ 12+ 1%cos A
6 =+/17 /6 cos A

A=cos![_% |=536°
COoSs (\/ﬁ\/g)

-1 2 -1

0] 3|=|| O 3

-2 1 -2 1

—2-2=224+ (<22 V(-1 + 3*+ 12cos A
4= 8 /11 cos A

A=cos! [ |=115.20
[

cos A

cos A

-2
9 a A has position vector | -3 |. We require ¢ so
that 4
-2 -1 1
-3 |=|-1|+1¢|2|Taking t = -1, we see:

—4 2 6

Worked solutions: Chapter 12 /fL;,
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2=-1+(-)1
3=-1+(-1)2
4=2+(-1)6

-6\ (-2 (4
b AB=|-7|-|-3|=|4

-2 -4 2
Taking dot product,
-4\ (1
-41.(2|=-4-8+12=0
2/ 16

=> AB perpendicular toL,
10a i OF =2i+5j+3k
i AG=-2i+5j+3k
b i |OF|=y2?+5+3 =438
i |4G| =/22+52+32=/38
i OF . AG = (2i + 5j + 3k) . (=2 + 5j + 3Kk)
=30
c W.E=Iﬁ’| | AG | cos6
30=\/3—8\/3§0059
6 =cosd™ (ﬂj =79
38

11 a AB=0B-04=7i-8j+8k

A0.4B
b cos OAB= ———
|AO| AB|
IxT+(5)x(-8)+2x8
V304177
4
V304177

c Letr be the position vector for the point P.
Thenr=(1+7wi+ (5 —8w)j+ (-2 + 8wk
=({1+5—2k+ u(7i — 8j — 8k)
=OA + uAB
which is the position vector of a point on

the line that passes through 4 with direction
vector 4B, and hence also passes through B.

d OP.4B=0
1+7u 7
5-8u|.|-8 |=0
-2+ 8u 8
7+49% — 40+ 64u — 16 + 641 =0
=
177
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e Use the value of u from part d to get:

o)

520
1

38

Exercise 12K

1 Equating components of r, & r,:

4+22=11+p 1)
2-44=16+2u @) ,.
()= pu=-7+22 Y.
(2)=2-42 =16 +2(-7 + 21) LD
242 =2+42 S
A=0 \ \'\ J\‘-" O /

(1) = u= _‘7 ‘j N ‘_/'\~ / Lf &
so intercept at (4,2) ‘

2 Equating components:

4+8s=6+9¢ )

-2+ 2s=-3+6¢ 2)

(1)=8s=2+9¢
s=é(2+9t)

(2)=>—2+%(2+9t)=—3+6t
-8+2+9r=-12+ 24«

6 =15¢
=6
15
(1)=>s—8[2+1) 5
48
intersec at 4 + L 8 = ® [=1 48
-2 1012 -3 5({=3
5
3 5+2t=3+2s €]
“l+t==-2+s 2)
2—t=—-4+2s 3)

2)=>s=1+1¢
(I)=5+2r=3+2(1+1¢)
5+2r=5+2t (so(l) & (2) are consistent)
B)2-t=-4+2(1+1¢)
2—t=-2+2¢

4 =3¢
4
f=—
3
@=s=1+3=1
Thus /; & /, intersect.

- <=

Worked solutions: Chapter 12 /ilé} G
/ g



3 2 23
r=|=2|+21|=4 1 at[ﬁ,lﬁ]
3 3 3 33
-4 2 2
4 1+3=-1 1
l-t=s )
(1)=3t=-2 ‘
f=22 ‘S
3 (z

=1 _[2)4 S oxt
(2)$s=1—(—2j=§ M0 xok

Intersectat i + %j’ i.eat (~1, :

5 If lines intersect then there are s & ¢ so that
3-t=1+s 1) )
t=4+s 2) P
S+2t=s 3) 1
sub(2)into (3):s=5+2(@4+s),s=13+2s ~
s=-13 \\ ‘\:'«\
inQ2)=>t=4-13=-9 3
check in (1): 3—(=9)#1—13 W
12#-12 a7
so there are no such s & ¢ = skew )
6 a 3-s=14+3¢ ¢))
-2+ 3s=-20-4¢ )
5-5s=6-3¢ 3)
1)=s=-11-3¢
(2) = -2 -3(11+ 3¢) =-20 — 4r
-35-9tr=-20—4¢
-15=>5¢
t=-3
()=s=-11-3(-3)=-2
checkin (3): 5 — 5(=2) =6 — 3(=3)
15 = 15 so lines intersect.
Point of intersection = 14i — 20j + 6k
—3(3i —4j — 3k)
when ¢t = -3

=5i- 8+ 15k
b Take dot product of direction vectors:
(—i+ 3j —5k) - (3i — 4j — 3k)
=(-1x3)+ @B x4 +(=5%x-3)
-3-12+15
=0
= perpendicular.
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6 1y (5
7 a |9+t 2|=|7
3 -2 a
6+r=5=>t=-1
3-2(-1)=a=a=5.
6 1 b
9|+ 2|={13
3 2} k-1
9+2t=13=>t=2.
6+2=b=b=8.
6 1
b OPhas position vector | 9 [+ ¢| 2 |forsome ¢
o) 3 )
- 8) (5 3
2 AB=[13|-|7|=| 6
XU -1) (5) (-6
" 6+1 3
% (OP)-(4B)=0=|9+2t|.| 6]=0
) 3-2t) | -6
3(6+1)+6(9+2t)-6(3-2t)=0
18+3r+54+12¢ —18+12t =0
27t +54=0
r=-2
6 1) (4
s0OP=|9|-2| 2|=|5]|,Pis45,7)
3 -2 7
¢ |OP|=+4+5+7=3J10
8 a
AB=b-a=(3-2)i+(2-(-1))j+(-1-2)k

=i—-j-3k
lineis (2i—j+2k)+A(i-j-3k)forieR

b 2+A=7+2s 1)
-1-A=s 2)
2-32=3+2s (3)
sub(2)in(1) =>2+A=7+2(-1-1)
24+A=5-2A
M=3=1=1

2)=s=-1-1 =\,_2 =5)
@) =2=-3(1)-1=3+2(-2)

Worked solutions: Chapter 12 ""i;:‘;r
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lines intersect.
pointis(2+1)i+(—l—1)j+(2—3)k
3i—-2j-kie(3,-2,-1)

c a-¢c=2-3i+(-1-(2)j+C2-(-))k
=—i+j+3k

|[AC|=y1+1+3° =11

d Take dot product of direction vectors:
(i-j-3k).(2i+j+2k)=2-1-6=-5
9)

Then -5 = V11 V9 cosd oy
_ \wr\;"&a -
0 = cos™ [ =) = —120° (nearest degree)
311

Exercise 12L

1 a Position of ship relative to buoy is
4 1
(60)— ( 5J= ( SJie 10Km North, 15Km East

30 20 10
15
b }[IOJ\ B \/152 +10% = 5\/El(m
20
2 a velocity = displacement _ ) = > ms™
time =8 -2

20 5 50
= +6 = m
-8 -2 -20
c speed = |v(t)| = /12* +5° =13 ms™

d s(¢) = (4i—j) + t(121 — 5j)
s(3) = (4i - j) +3(12i - 5j) = 40i — 16j
distance = /40%*+ 16*=8./29m
e want [20)+ r( 5)=[ 4J+ 5(12\)
-8 -2 -1 -5
for collision
20+5t=4+12s €
-8—-2t=-1-5s )
(2):>—7+55=2r=>r=%(55—7)

(1)=>20+§(55—7)=4+1zs

40 + 255 - 35=8 + 24s
s=3
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WORKED SOL

:
|
&

@=1-2(5x3-7=4 +FS

40

Whenr=4Ls=(20]+[%° )
8 -8 | |-16
4
Whens=3,RS = < +3 k2 = 0
875 [ |-16

Hence particles will collide.
Let A’s position be given by
a = (31 + 3j) + (41 + 3j)
Let B’s position be given by
b = (4i + 3j) + s(3i + 3j)
want to find when a = b.

3+4r=4+3s (1)
3+3r=3+3s 2)
2)=t=s

N)=s=¢t=1

They collide 1 hour after 3 pm, ie at 4 pm.
Collide at (31 +3j) +1(4i+3j) =7i+ 6]

11 1 1 2
r,=| 3 [+¢{-1| r,=|-7|+¢]1
-3 4 =2 9

V.| = & + (-1 + 4% = V18 = 32 ms™
[V,| =2 + ¥ + 9% = /86 ms™!

Meet if r, =r, at the same time

11 1 1 2
3|+t -1|=|-7|+5s]|1
-3 4 -2 9
11+¢t=1+42s ")
3—t=-T7+s )
-3+4+4t=-2+09s 3)
(1)=t=2s-10

2)=3-(2s-10)=-7+s
13-2s==7+s

0 =35 5=

3

H=r=22|-10=10x
3 3

so ships do not collide.

Worked solutions: Chapter 12 :e



11 1 21
¢ r(10)=| 3 [+10|-1|=[-7
-3 4 37
1 2 21
r,(10)=|-7|+10|1 |=| 3
-2 9 88
0
r, —r,=|10 |
51
I, - I

=J10% + 51> =4/2701 ~ 51.97m

# Review exercise

-2\ (1 -3
1 4B=| 3|-|2|=| 1
5) (3 2
7\ (-2 9
BC=| 0|-| 3|=|-3
-1 5) (-6
-3 9
Now 4B =| 1 =—§ -3 =_?lﬁ
2 -6

Since they contain a common point (B), 4, B, C
are collinear.

2 The sides of the triangle are given by the vectors
—> —> —>
AB, AC, and BC
—
AB =21+ 2])—(51—j + 6k)
=-3i+3j-6k
—p
AC = (-3i-5j + 8k) — (51—j + 6k)
=-8i—4j+2k
— —>
Now AB-AC = (-3i+ 3j — 6k) - (-81—4j + 2k)
=(B3x-8+B x4+ (-6x2)
=+24-12-12
=0

. —> _’ .
Since AB- AC = 0, the vectors are perpendicular.
Hence, 4, B, and C form a right-angled triangle.
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5+1 6
a+b=|-1+3 =l 2

-3 +(-5) -8

5-1 4
a-b=|-1-3 =| -4

-3-(-5) 2

6 4

(a-b).(a+b)=| 2|.|-4|=24-8-16=0
-8 2

= a — band a + b are perpendicular.

‘We need s & ¢ so that

T7s=3+2¢ €))
6+3s=1+4¢ 2)
~l+s=2-¢ 3)
B)=>s=3-¢
H=>7@-¢t)=3+2¢
21-7t=3+2¢
18 = 9t
t=2

B)=>s=3-2=1
checkin (2) = 6 + 3(1) =1+ 4(2)
LS =RS =9 so s and texist.

0 7 7
so P has position vector | 6 [+|3 [=]9
-1 1 0

L (0
-3
(s

. AC = | 4B| | AC | cos BAC
-9 = /32 +3% {J(-1)? + (-2)* cos BAC
-9 =+/18+/5cos BAC
—9=3+2/5cos BAC

o
3|

3
Il

o
'
(S5

cos BAC =23
J2is
a Phas position vector
6 -2 6-8 -2
2|1+4| 2(=| 2+8|=|10
-3 1 -3+4 1
Pis (-2, 10, 1)

Worked solutions: Chapter 12 / u%
4

]
d



-2 0 -1
b Suppose| 10 |=|-12 [+ ¢| 11 [for some ¢
1 7 -3
-2=-t (1)
10 =-12 +11r @
1=7-3¢ 3)
(1)=t=2

(2)=10=-12 +11(2) =10
(B)=1=7-32)=7-6=1

so equations are consistent.

-2
sot=2gives| 10 | .. Plieson L,
1
2 1
7 a Lyr=[2|+s|3
4 2
b 1
0=|7||x|=4+7x+3=T+Tx=>x=-1
3111
2 1 7 4
c [=3|+¢7|=|5|+¢q|-1
-3 3 1 1
2+t=7+4q €))
-3+7t=5-¢q 2
34+3t=1+¢ 3)

8 Supposer, =r,

. 4 4) (4 ~12

(@) Then| _|+a| _|=| |+

> 3 17 |9 5
~4+4r=4-12u0 (1)
3+172=9+5pu @

1)=42=8-12u
A=2-3u
@2)=172-3u)=6+5u
34 -51u=6+5u
28 =56u

/J=_
2

3

M=1=2-2=1
2

2
So ships collide after = hour, ie 12.30 pm.
-2

2
collide at . + 1 4 =
3) 2(17 22—3
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P

3
b At12.15, 4 has position | |4+ 1[ 4]
3) 417) |2

so after 12:15, A’s position given by
=3 16
r,=|(29 |+ [(17] where ¢ is time after 12:15

At 12.30, A’s position is

-3 N (16J 1
=129 - =23
v 7)1

2) (1Y) /.,
2371287 o

2 2

Distance is

so ships are 3km apart.

e

1 Review exercise - GDC

*CHAHRIE)
6 — 20 =+/32 + 5222 + (—4)? cos 4

A=1224 = 122°

cos A

=cos A

2 a QR=0R-0Q

2 3 -1
=l-1]=]|-1|=
5 0
QP=0P-0Q
3 3 0
=|=2|-|-1]|=[-1
1 0 1
b (-] 0 -1 0 )
of-[-1]=|] O -1|| cos POR
5 1 5 1

0+0+5=1/(-12+0%+5°
J0? + (=1)? + 1% cos POR

= cos PQR

5
262
=46.1 ~46°

|OR | | QP| sin 46 = Area
=% 52 sin 46
= 2.60 units?

c 1
2




OC=4j
i OB=i+22-1"k=i++3k
iii OD=2i+ 4
BC=BO+ OC
— i3k +4j=—i+ 43k
i BD=i+4j -3k
|BC| = 12+ 16 + 3= 20 =2,[5
i |BD|=\12+16+3=20=25

(- + 4~ \P3)-( + 4 —|Bk) =
-1+16+3=18

A\ 18 =245 x 2./5 cos DBC

18_ 9 -
0= g 08 DBC

25.8°=DBC
If perpendicular,a b=0
(M+(x—=2)j+k) (¥%i—2xj—12xk)=0
¥ =2x(x—2)—12x=0
B =2 +4x—-12x=0
x(x*—2x—8)=0
xx—4)(x+2)=0
x=0,x=4,orx=-2
b Letx=-1. a=-1li+-3j+k, b=i+2j+ 12k
ab=|a||b| cos C
“1+-6+12=/(-1+ (-3)*+ I?
J1I2+ 22+ 122 cos C
5= /11149 cos C

=cos C

5
J11/149
82.9°=C

PQ=0Q- OP
1 1

5 a

PPO=|-1|.

~.OPis perpendicular to PQ
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%
.

1 0

b r=|-1[{+A|6

3 2

c¢ Ifintersect, r, =7,
1 0 2 1
“1|+A|6]|=|-1|+p|-3
3 2 2 -2
1=2+p p=-1

~1+6A=-1-3u O6A\=-3u=3 A=

3+20=2-2u LHS3+2><§ =4
RHS2-2x-1=2+2=4
consistent values for A and p in all 3 equations

lines intersect

Let)\=%inr1
1+0 1
Position vector=|-1+3 | =| 2
3+1 4
d
0 1 0 1
6|-1-3|=||6 -3 || cos 4
2] (-2 2 -2

~18+—4= 0 + 6+ 22 12+ (-3) + (=2)" cos 4
—22 = /40/14 cos 4

=22

m=cosfl .
A=158° T2
acute angle between lines is 22°
0
a t=0 4=|0
6
6
=2 B=|—2
6
AB=0B-04
6 0 6
=|=2|1-10]=|-2
6 6 0

b Position vector = initial position + ¢
(directional vector of 4B)

3
= initial position + ¢| -1
0

R

Worked solutions: Chapter 12 ,/"’Tjgf{
Y




{L\

(36, 18, 0)
-3
v=|-4 | speed= |v| =4/ (=3)* + (—4)° + 1*
1
=\J9+16+1= 26
=5.10 ms™
36\ (-3\ (0 3
18| +¢]-a|=|0]+s|-1
1 1 6 0

36-3t=3s 36-18=18 s=6

18 —4t=—s 18-24=-s s=6 consistent
t=6

t= 6 seconds

c=(36-18,18 -24,0+ 6)

=(18, -6, 6)
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